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Abstract. We report updated results for εK , the indirect CP violation parameter in neutral
kaons, which is evaluated directly from the standard model with lattice QCD inputs. We
use lattice QCD inputs to fix BˆK , |Vcb|, ξ0, ξ2, |Vus|, and mc(mc). Since Lattice 2016, the
UTfit group has updated the Wolfenstein parameters in the angle-only-fit method, and
the HFLAV group has also updated |Vcb|. Our results show that the evaluation of εK
with exclusive |Vcb| (lattice QCD inputs) has 4.0σ tension with the experimental value,
while that with inclusive |Vcb| (heavy quark expansion based on OPE and QCD sum rules)
shows no tension.
1 Introduction
This paper is an update of our previous papers [1–4]. In the standard model, the indirect CP violation
parameter εK of neutral kaons can be expressed as follows,
εK ≡ A(KL → pipi(I = 0))A(KS → pipi(I = 0))
= eiθ
√
2 sin θ
(
CεBˆK XSD +
ξ0√
2
+ ξLD
)
+ O(ωε′) + O(ξ0Γ2/Γ1) , (1)
where
Cε =
G2F F
2
KmK0 M
2
W
6
√
2 pi2 ∆MK
, ξ0 =
ImA0
ReA0
, ξLD =
m′LD√
2 ∆MK
, (2)
m′LD = −Im
P ∑
C
〈K0|Hw|C〉〈C|Hw|K0〉
mK0 − EC
 (3)
XSD = Imλt
[
ReλcηccS 0(xc) − ReλtηttS 0(xt) − (Reλc − Reλt)ηctS 0(xc, xt)
]
. (4)
Here, XSD represents the short distance contribution from the box diagrams. The formulas for λi, S 0,
xi, and ηi j with i, j = {c, t} are given in Ref. [1]. The ξ0 and ξLD represent the long distance effects
from the absorptive part and the dispersive part, respectively.
?Speaker, e-mail: wlee@snu.ac.kr
ar
X
iv
:1
71
0.
06
61
4v
2 
 [h
ep
-la
t] 
 7 
No
v 2
01
7
Since Lattice 2016, there has been a major update on the Wolfenstein parameters: λ, ρ¯, and η¯ from
the angle-only fit (AOF) of the UTfit collaboration as well as those from the global unitarity triangle
(UT) fit of the CKMfitter and UTfit collaborations. Since Lattice 2016, the HFLAV group has also
updated results of |Vcb| and |Vub|. Hence, it is time to update the current status of εK in lattice QCD.
2 Input parameters
Wolfenstein parameters, BˆK , |Vcb|, ξ0, and ξLD are separately discussed in the following subsections.
Other input parameters in Eq. (1) are the same as in Ref. [1] except for the charm quark mass mc(mc) =
1.2733(76) GeV, which is taken from the HPQCD collaboraion result [5]. They are given in Tables 1
and 2.
Input Value Ref.
ηcc 1.72(27) [1]
ηtt 0.5765(65) [6]
ηct 0.496(47) [7]
Table 1. QCD corrections: ηcc, ηtt, and ηct.
Table 2. Other input parameters.
Input Value Ref.
GF 1.1663787(6) × 10−5 GeV−2 [8]
MW 80.385(15) GeV [8]
mc(mc) 1.2733(76) GeV [5]
mt(mt) 163.3(2.7) GeV [9]
(a)
Input Value Ref.
θ 43.52(5)◦ [8]
mK0 497.614(24) MeV [8]
∆MK 3.484(6) × 10−12 MeV [8]
FK 156.2(7) MeV [8]
(b)
2.1 Wolfenstein parameters
Table 3. Wolfenstein parameters.
CKMfitter UTfit AOF [10]
λ 0.22509(29)/[11] 0.22497(69)/[12] 0.2248(6)/[13]
ρ¯ 0.1598(76)/[11] 0.153(13)/[12] 0.146(22)/[14]
η¯ 0.3499(63)/[11] 0.343(11)/[12] 0.333(16)/[14]
The CKMfitter and UTfit collaboration provide the Wolfenstein parameters (λ, ρ¯, η¯, A) determined
by the global unitarity triangle (UT) fit. The 2017 results are summarized in Table 3. Here, εK , BˆK ,
and |Vcb| are used as inputs to the global UT fit. Hence, the Wolfenstein parameters extracted by the
global UT fit contain unwanted correlation with εK . In order to avoid this correlation, we take another
input set from the angle-only fit (AOF) suggested in Ref. [10]. The AOF does not use εK , BˆK , and |Vcb|
as input to determine the UT apex (ρ¯, η¯). We can determine λ independently from |Vus| which comes
from the K`3 and K`2 decays using lattice QCD inputs. The 2017 results of the AOF are summarized
in Table 3.
2.2 Input parameter BˆK
Recently, FLAG has reported results for BˆK calculated in lattice QCD with N f = 2 + 1 flavors [15].
BˆK = 0.7625(97) from FLAG-2017. (5)
This is the global average over the results of BMW-2011 [16], Laiho-2011 [17], RBC-UK-2016 [18],
and SWME-2016 [19].
2.3 Input parameter |Vcb|
Table 4. Results for |Vcb| in units of 1.0 × 10−3
B→ D∗`ν¯ 39.05(47)(58) [20] HFLAV 2017
B→ D`ν¯ 39.18(94)(36) [20] HFLAV 2017
|Vub|/|Vcb| 0.080(4)(4) [20] HFLAV 2017
ex-combined 39.13(59) [20] HFLAV 2017
(a) Exclusive |Vcb |
kinetic scheme 42.19(78) [20] HFLAV 2017
1S scheme 41.98(45) [20] HFLAV 2017
in-combined 42.03(39) this paper
(b) Inclusive |Vcb |
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Figure 1. |Vcb| versus |Vub| in units of 1.0 × 10−3 as of (a) Lattice 2016 [3, 4] and (b) Lattice 2017 [20]: The
light-blue band represents |Vcb| determined from the B¯ → D∗`ν¯ decay mode. The light-green band represents
|Vcb| determined from the B¯→ D`ν¯ decay mode. The yellow band represents |Vub| determined from the B¯→ pi`ν¯
decay mode. The magenta band represents |Vub/Vcb| determined from the LHCb data of the Λb → Λc`ν¯ and
Λb → p`ν¯ decay modes. The orange circle represents the combined results for exclusive |Vcb| and |Vub| from the
B meson and Λb decays within 1.0σ. The black cross (×) represents the inclusive |Vcb| and |Vub| from the heavy
quark expansion. The details are given in Table 4.
In Table 4, we summarize updated results for both exclusive |Vcb| and inclusive |Vcb|. Recently
HFLAV reported them [20]. At present, we find that there exists a 4.1σ tension between exclusive
and inclusive |Vcb| when we use the combined averages given in Table 4. We use these combined
results when we evaluate εK .
In Fig. 1, we present results for |Vcb| and |Vub|. The big change is that, as of Lattice 2016, the
result for exclusive |Vcb| from B¯ → D`ν¯ was about one sigma away from that from B¯ → D∗`ν¯ (refer
to Ref. [3, 4] for more details), but as of Lattice 2017, they are on top of each other, as shown in
Fig. 1 (b). In 2017, due to the addition of more data from ALEPH, CLEO, OPAL, and DELPHI to the
HFLAV analysis for exclusive |Vcb|, the results from B¯→ D∗`ν¯ do not change visibly, but those from
B¯→ D`ν¯ shift downward by about 1.0σ. For more details, refer to Ref. [20].
Regarding |Vub|/|Vcb|, in 2016, we used the results of lattice QCD in Ref. [21], but in 2017, we
use the results of HFLAV in Ref. [20]. Due to the addition of more data to the HFLAV analysis, the
results shift downward by 34σ in 2017.
Regarding |Vub|, in 2016, we used the results of Ref. [22] obtained using a combined fit of the
results in Refs. [23, 24] for B → pi`ν decay over the data subset from BABAR and BELLE, but
in 2017, we use the results of HFLAV in Ref. [20] obtained using the exclusive decay results of
B → pi`ν from BABAR and BELLE. Both results are used as input to determine |Vcb| and |Vub| from
the combined fit with all the exclusive decay results for B mesons and Λb baryons. The shift in |Vub|
is downward by about 0.1σ in 2017.
2.4 Input parameters ξ0 and ξLD
The absorptive part of long distance effects in εK is parametrized into ξ0. It is related to ε′/ε and ξ2
as follows,
ξ0 =
ImA0
ReA0
, ξ2 =
ImA2
ReA2
, Re
(
ε′
ε
)
=
ω√
2|εK |
(ξ2 − ξ0) . (6)
There are two independent methods to determine ξ0 in lattice QCD: one is the indirect method and
the other is the direct method. In the indirect method, we determine ξ0 using Eq. (6) with lattice QCD
input ξ2 and with experimental results for ε′/ε, εK , and ω. In the direct method, we can determine ξ0
directly using lattice QCD results for ImA0 combined with experimental results for ReA0. Here, we
prefer the indirect method to the direct method thanks to two reasons. The first reason is that the lattice
QCD calculation of ImA0 is much noisier than that of ImA2 due to many disconnected diagrams. The
second reason is that the S-wave phase shift δ0 of the pi − pi scattering in Ref. [25] is lower by 3.0σ
than the conventional determination of δ0 in Ref. [26–28], which indicates that there might be some
issues unresolved at present. For more details on the second reason, refer to Ref. [3, 4]. In Table 5,
we present results of ξ0 determined using both indirect and direct methods. Here, we use the value of
ξ0 with the indirect method.
Input Method Value Ref.
ξ0 indirect −1.63(19) × 10−4 [29]
ξ0 direct −0.57(49) × 10−4 [25]
ξLD — (0 ± 1.6) % [30]
Table 5. Long distance effects: ξ0 and ξLD. In the case
of ξLD, we do not know the precise value at present, and
so we quote a rough estimate [31] incorporated as a
systematic error.
The ξLD parameter represents the long distance effect from the dispersive part. There has been
an on-going attempt to calculate it in lattice QCD [31]. However, this attempt [32] is an exploratory
study rather than a high precision measurement at present. Hence, in this paper we use the rough
estimate of ξLD in Ref. [31]. It is given in Table 5.
3 Results for εK with lattice QCD inputs
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Figure 2. |εK | with (a) exclusive |Vcb| (left) and (b) inclusive |Vcb| (right) in units of 1.0 × 10−3. Here, we use the
FLAG-2017 BˆK and AOF for the Wolfenstein parameters. The red curve represents the experimental value of εK ,
and the blue curve represents the theoretical value calculated directly from the standard model.
In Fig. 2, we present results for εK calculated directly from the standard model with the lattice
QCD inputs described in the previous section. In Fig. 2 (a), the blue curve represents the theoretical
evaluation of εK with FLAG BˆK , AOF Wolfenstein parameters, and exclusive |Vcb| which corresponds
to ex-combined in Table 4 (a). The red curve in Fig. 2 represents the experimental value of εK . In
Fig. 2 (b), the blue curve represents the same as in Fig. 2 (a) except for using the inclusive |Vcb| which
corresponds to in-combined in Table 4 (b).
The updated results for εK are, in units of 1.0 × 10−3,
|εK | = 1.58 ± 0.16 for exclusive |Vcb| (lattice QCD) (7)
|εK | = 2.05 ± 0.18 for inclusive |Vcb| (QCD sum rule) (8)
|εK | = 2.228 ± 0.011 (experimental value) (9)
This indicates that the theoretical evaluation of εK with lattice QCD inputs (with exclusive |Vcb|) has
4.0σ tension with the experimental result, while there is no tension in the inclusive |Vcb| channel
(heavy quark expansion based on the OPE and QCD sum rules).
In Table 6, we present the error budget for εSMK . Here, we find that the uncertainty from |Vcb| is
dominant in the error budget, while the errors from η¯ and ηct are sub-dominant. Hence, if we are to
see a gap ∆εK greater than 5.0σ, it is essential to reduce the error in |Vcb| significantly. To reduce
this error as much as possible, a project to calculate B¯ → D(∗)`ν¯ form factors using the OK action
is underway. Note that the OK action is improved up to the λ3 order1 in the HQET power counting,
while the original Fermilab action is improved up to the λ1 order. For more details on this issue, refer
to Refs. [33–36].
In Fig. 3, we plot the ∆εK = ε
Exp
K − εSMK in units of σ (= the total error in the estimate of ∆εK)
as the time evolves starting from 2012. We started to monitor ∆εK in 2012 when several lattice QCD
1λ ≈ Λ
2mQ
≈ 1
8
for the charm quark.
source error (%) memo
Vcb 30.1 ex-combined
η¯ 25.8 AOF
ηct 20.8 c − t Box
ηcc 8.8 c − c Box
ρ¯ 3.9 AOF
mt 3.0
ξLD 2.5 RBC/UKQCD
BˆK 1.8 FLAG-2017
ξ0 1.3 RBC/UKQCD
...
...
Table 6. Error budget for εSMK obtained using the AOF method, the
exclusive |Vcb|, and the FLAG BˆK . Here, the values in the error
column are fractional contributions in units of percentage (%) to the
total error obtained using the formula given in Ref. [1]. Hence, the
total sum of the errors(%) will be 100%.
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Figure 3. Chronological evolution of ∆εK in
units of σ. Here, ∆εK ≡ εExpK − εSMK , where εExpK
represents the experimental value of εK , and
εSMK represents the theoretical evaluation of εK
calculated directly from the standard model
with lattice QCD inputs. Here, 1.0σ represents
the statistical and systematic uncertainty in the
estimation of ∆εK .
results for BˆK obtained using different methods became consistent with each other within one sigma.
In 2012, ∆εK was 2.5σ but now it is 4.0σ. To understand the time evolution over the past 5 years, we
have performed an additional analysis on the error and average.
In Fig. 4 (a), we plot the chronological evolution of ∆εK and its error σ∆εK . Here, we find that
the value for ∆εK has increased with some fluctuations by 25% during the period of 2012—2017, and
its error σ∆εK has decreased monotonically by 24% in the same period. These two effects interfere
constructively so as to produce the 4.0σ tension in ∆εK in 2017. The monotonic decrease in the error
σ∆εK reflects the fact that lattice QCD calculations are becoming more precise, and the experimental
results also are becoming more accurate. In Fig. 4 (b), we show the time evolution of εSMK and ∆εK in
units of εExpK . Here, we find that the evaluation of ε
SM
K with lattice QCD inputs explains only 71% of
the experimental value, and the gap of about 29% in ∆εK cannot be described in the standard model
with lattice QCD inputs.
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